We investigate the cosmological viability of the generalized proca theory. We first implement the background and linear perturbation equations of motion in the Boltzmann code and then study the constraints on the parameters of the generalized proca theory after running MCMC against the cosmological data set. With Planck + HST data, we obtain the constraint h = 0.7334 +0.0246 −0.0269 , which indicates that the tension between early universe and late time universe within this theory is removed. By adding other late-time data sets (BAO, RSD, etc.) we show that the tension is reduced, as the 2σ allowed region for h in Proca, h = 0.7041 +0.0094 −0.0087 , overlaps with the 2σ region of the HST
I. INTRODUCTION
The cosmological parameters (H 0 , etc.) characterize our universe and explain how our universe evolves during its various stages. Out of these parameters some are measured from the background evolution and others are measured from the linear perturbation theory. Although the measurements of these parameters have become very precise, these show up some tensions in the expansion rate of the universe today, H 0 [1] . This tension -if one makes the strong prior that the theoretical model we have, i.e. ΛCDM, is complete -is considered to be due to unknown systematics in the early or late-time universe measurements of H 0 [2] . In the last year, there were around six new independent methods for the estimation of H 0 . All these indicate that the tension does not depend on any methodology being used in the measurement [2] , as such, it points more and more towards an embarrassing and puzzling picture of the cosmological background evolution.
As far as the early universe measurements are concerned the most important estimation of the cosmological parameters comes from the Cosmic Microwave Background (CMB) radiation [3] . The probe is made by the Planck Collaboration and represents one of the most significant and precise measurement in the context of cosmology. Deducing H 0 from CMB can be considered as a process of three steps. First, the determination of baryon and matter densities to calculate the comoving sound horizon at the last scattering epoch, r. Second, infer the angular size of the last scattering surface, θ from the spacing between acoustic peak to find the comoving angular diameter distance to the last scattering surface, D = r/θ. Finally, the relation D =´z 0 dz/H (z), although evaluated at high redshifts (z ≃ 1060), still depends on the dynamical history of H(z), so that, given a model, one can infer the value taken by H(z) today. In the first step, the determination of baryon and matter densities we need to assume a theory (the Planck Collaboration considers ΛCDM as the theory [4] ). The Planck Collaboration measures the expansion rate today to be, H 0 = 67.4 +0. 5 −0.5 km s −1 Mpc −1 with a remarkable precision of 1% [3] . Another independent measurement from the early universe data is [5] , which predicts an expansion rate today H 0 = 67.4 +1.1 −1.2 km s −1 Mpc −1 combining observation DES+BAO+BBN. The value of H 0 from the early universe data with ΛCDM is significantly smaller than the one measured from the late time data, which is named as a direct measurement. From the late time universe data the most prominent measurement of H 0 is from the SH0ES Collaboration [6] . This experiment observes the peak brightness of type Ia supernova, which can be used as a distance ladder. Type Ia supernova is calibrated with Cepheid Period -Luminosity relation, which is in the Large Magellanic Cloud. This gives an excellent opportunity to determine H 0 without assuming any theory. With the improved measurements and calibrations, the SH0ES Collaboration measures the expansion rate today as H 0 = 74.03 +1.42 −1.42 kms −1 Mpc −1 [6] . Apart from the SH0ES measurement, recently there have been different techniques to measure Hubble expansion using late time observational data, viz. H0LiCOW [7] , Megamaser Cosmology Project (MCP) [8] , Carnegie-Chicago Hubble Program (CCHP) Collaboration [9] , etc. H0LiCOW exploits strong gravitational lensing to measure the quasar system and uses flat ΛCDM to measure H 0 , as H 0 = 73.3 +1.7 −1.8 kms −1 Mpc −1 [7] , which is in agreement with SH0ES. The other late time measurements are also in close agreement with the SH0ES Collaboration. All these indicate that there is a strong disagreement in the prediction of H 0 from the early universe data using ΛCDM and late time universe between 4.0σ and 5.8σ [2] . As stated above this tension does not depend on the methodology. This opens a room to explore for theoretical ideas to address this tension.
There are several approaches to address this growing tension in cosmology. In general it can be classified as prerecombination solution and post -recombination solution, where the recombination occurred at the redshift z ≃ 1100 [2, 10] . There has been a study on H 0 tension which assumes a scalar field which acts as an early dark energy at the redshift z > ∼ 3000 and it decays like radiation [11] . We approach this tension from the point of view of modified gravity, which can be classified into a post recombination solution.
In modified gravity scenarios, especially in the context of late time modified gravity, there is, in many cases, a single extra degree of freedom, which is responsible for the universe to accelerate [12] . Generally, these theories have an effective equation of state for dark energy w DE , which takes different values at different redshifts, e.g. for scalar tensor theories [13] , vector tensor theories [14, 15] , etc. In this paper we will consider one of the simplest Generalized Proca (GP) models, a vector tensor theory, in order to address the H 0 tension [14, 16] .
The GP theory is a ghost free vector tensor theory, with 5 degrees of freedom, 3 from the massive gauge field sector which breaks U (1) symmetry and 2 from the gravity sector. In fact, this theory propagates 1 scalar mode, 2 vector modes and 2 tensor modes. This theory has equations of motion which are at most of second order, in general curved space times [14] . The cosmology of this theory which is quintic order in the Lagrangian coupled with matter fluid was studied in [16] . The condition for the removal of both ghost instability and Laplacian instability was found, in the high k limit, in [16] . In this theory there exists a stable de Sitter attractor with a dark energy equation of state w DE = −1 − s (during dust domination), where s is a free parameter in theory for the background. When s = 0, the theory reduces to ΛCDM in the background level, but, as for perturbation fields, this limit corresponds to strong coupling.
From the gravitational wave event GW170817 [17] , on combining with the gamma-ray burst GRB170817A [18] the speed of propagation of the gravitational waves c T is tightly constrained to be c, where c is the speed of light. This restricts the GP Lagrangian to be, at most, of cubic order. From the ISW cross correlation, the free parameter s has the best fit s = 0.185 +0.100 −0.089 [19] . From the previous study of observational constraints from the CMB shift parameter, Baryon Acoustic Oscillation (BAO) and late time data, i.e. Supernova, the background parameter s is constraint to s = 0.16 ± 0.08. It was shown that the value of H 0 is compatible with both early universe and late time cosmological data sets [20] . On the other hand, these previous works were missing a few important points which are addressed here. In particular, the constraints from Planck were coming only from a subset of the Planck-data themselves, as previous works were only considering the constraints on the CMB shift parameters. Although any viable model needs to give a good fit to such observables, still, Planck data consist of many other points, so that satisfying CMB-shift parameters represents a necessary condition but not in general sufficient in order for a given model to give a good fit to the Planck data.
Instead, in order to address this issue, in this work we make a full analysis of the GP theory implementing both background and perturbation in the Boltzmann code, CLASS [21] , with covariantly implemented baryon equations of motion [22] . For the background equations of motion we make a backward integration with high enough precision for any redshift needed to fit Planck data. Then we perform an MCMC analysis using Monte Python [23, 24] (together with Cosmomc [25] ) against various cosmological data sets, like Planck 2018, Hubble space telescope (HST), BAO, and Joint Light-curve Analysis (JLA). We find that this theory reduces the tension in the value of Hubble expansion rate with H 0 = 73.48 +2.56 −2.66 . This is in agreement with the previous studies. On top of that, we find an extremely good fit with the data sets, for example Planck 2018 + HST gives ∆χ 2 = 22, in comparison with standard cosmology ΛCDM. On the other hand for data sets, JLA + Plank2018 + HST + BAO we get ∆χ 2 = 7 of improvement with respect to ΛCDM. This indicates that the GP theory reduces the tension in H 0 to less than two sigmas. This paper is organized as follows. In section II we discuss the GP theory and its background dynamics. In section III, we discuss linear perturbation theory and determine the coupled equations of motion for the perturbation field which can directly be implemented in the Boltzmann code. Subsequently, we present our results in section IV. We conclude our study in section V.
II. THEORY
The GP theory action is introduced in [14, 15] and its cosmology is studied in [16] . With the constraints on the speed of propagation of gravitational waves, i.e. c T = 1, the GP action is given by,
where
where the field
For a concrete model of dark energy, we assume the function g 2 (X) and g 3 (X) of the from
so that the background equations of motion have solution
where, since this theory in general breaks U (1) gauge symmetry, we set A µ = (ϕ/a, 0, 0, 0) on the background. Needless to say, but the field A µ does not represent the photon gauge vector field. We have also introduced the Hubble factor as H ≡ȧ/a 2 , where a dot represents here a derivative with respect to the conformal time τ . This theory was also discussed in [20] . The equation of motion for the field ϕ has a solution if
For each matter Lagrangian L m we have a perfect fluid Lagrangian for which we have the energy-momentum tensor of the form T µ ν = diag (−ρ, P, P, P ), which obeys the conservation laẇ
A. Background equations of motion For general functions g 2 , g 3 the background equations of motion are given as,
The equation of state of the dark energy model is defined as
where g 2 and g 3 are defined by Eq. (5), for the concrete model of dark energy we are assuming. Notice that the equation of state for dark energy deviates from the standard model of ΛCDM. Now we need to parameterize this deviation from ΛCDM. Let us introduce s = p 2 /p and
then one can verify that
Also, let us make a convenient field redefinition
so that
To reach the first line of the above expression we used Eq. (6), Eq. (16). To get the final expression we used Eq. (16) to define Ω DE0 . When s → 0, ρ A becomes a constant, this implies a ΛCDM limit for the background. From the Friedmann equation one can see that 
and
On evaluating ̺ A (a = 1), we also get
or
This relation can be used to define λ and m in terms of ϕ 0 and the other variables. Along the same lines, one can see that the second Einstein equation can be written as
which, once we replace H = H(ϕ) can be solved forφ in terms of the other variables. In this case we find that, in terms of the time-independent variable N = ln(a), the background equations of motion can be written as
As a result we can solve for any given value of a (or N ) the value of Ω D E and Ω r , whereas Ω m = 1 − Ω DE − Ω r .
III. PERTURBATIONS
Now, let us look at the behaviour of the perturbation fields of the theory around a flat FLRW metric. We adopt the usual technique for finding the linear perturbation equations of motion by expanding action up to second order in perturbation variables, without choosing any gauge. Only after finding the equations of motion for each of the fields we choose a gauge. Then we construct linear combinations of the previous equations of motion, and perform convenient field redefinitions in order to find suitable equations of motion which can be easily implemented in the Boltzmann code. Since the expressions are quite long, we only outline our calculations below.
In the following we consider the flat FLRW metric with perturbations
and we introduce matter fields in the usual way, because each matter field has no coupling with the Proca field. As such, we use the matter Lagrangian of the form as discussed in [22, 26, 27 ]
where ρ is matter energy density, n number density of the matter species. The other fundamental variables are the timelike vector J α m , the metric g µν , and the scalar l, whereas:
At linear order in perturbation theory about an FLRW background Eq. (33), one can define as follows:
whereρ ,n ≡ ∂ρ ∂n . We have also the vector field A µ ,whose components will be written as
where we consider here only scalar perturbations. As shown in [16] , the vector modes do not affect the evolution of the matter fields vector modes which still show the usual decaying behaviour. Notice that so far, we have not set yet any gauge. After expanding the action at second order in the perturbations, we can find equations of motion for each of the perturbation field. From the gravity sector we have 4 equations of motion, 2 for the vector modes and the remaining equations of motion for each matter component. We also redefine the matter field variables as
for each of the matter component. Once we have the equations of motions for every field we fix a gauge. In the following we study the Newtonian gauge case, so that we set
By combining equations of motion for E and ζ, we get the same one for GR, which can be used to solve ψ in terms of φ and the shear σ, as in
Therefore this gravitational equation does not get any modification, or, in other words, the GP theory does not affect the gravitational shear. Now we still need to find another equation of motion to fix φ together with the new degrees of freedom coming from the Proca action. For this goal, we can use the eoms for χ, δA, and δϕ in order to set a dynamics for the remaining gravity/vector fields. In order to make these eoms first order ODEs, it is useful to perform the following field redefinition
so that in this case the equation of motion for δϕ, E δϕ only depends on δϕ 2 , and no time derivative for fields, except forJ 2 . Therefore we can solve for δϕ in terms of the other variables.
We can now see that the equation for J 2 , i.e. the equation E J , now becomes a second order ODE for J 2 , and can be written in terms of
which can be rewritten as an ODE forJ 2 . In order to do this we need also to replace the eoms forφ andψ 1 . From a linear combination of E J and E χ ,we find a new equation of motion, E Jχ , which can be written as
which reduces to the standard momentum equation in the limit s → 0. Therefore, we can now solve all the equations of motion for the variablesṗ 2 , p 2 =J 2 ,φ, and ψ. Finally let us consider the prior conditions we can get for the parameters in the theory coming from the no-ghost condition. On studying the propagation for the new Proca scalar mode, one finds the no-ghost condition
We notice that we cannot set p 2 s to vanish, otherwise the mode would become strongly coupled. This implies that s > 0, and since Ω DE > 0, then we can see that Q > 0, so that no ghost exists during the evolution of the universe. However we need to make sure that at early times we still avoid strong coupling, i.e. Q → 0. Since ϕ 2 ∝ Ω 
so that we require
or 0 < ps < 1, so that the field becomes at most weakly coupled at early times. This condition implies, at early times, that
In the code, we will defineJ = J 2 /M P , andφ = ϕ/M P . As initial conditions, at very large redshifts, since the Proca contributions become more and more negligible, it is sensible to consider the following initial conditions J = 0 = δϕ. In this case we also find
so that we will also consider the caseJ = 0 =J.
IV. RESULTS
In this section we present our results after the MCMC analysis. We run the Boltzmann code for the GP theory and find the cosmological constraints to the parameters with Planck + HST, and also with Planck + HST + BAO + JLA. We find that, as for the GP background, the H 0 tension is completely removed between early universe and late time measurements. The results are still compatible at two-sigma on introducing the intermediate data set. The constraints for the parameters of the GP theory as well as for the Ω m and H 0 at 95% C.L. are given. We also notice that for this theory there is a good improvement in the χ 2 value in comparison with ΛCDM model of cosmology.
A. Planck + HST
In this subsection we show cosmological constraints of the parameters with Planck + HST. The value of H 0 that is derived from the GP theory gives a higher value in comparison with that of ΛCDM. This value perfectly matches with that of local distance ladder measurement with H 0 =73.34 +2.46 −2.69 at 95% C.L. Hence the tension in the value of H 0 is removed within the GP theory as shown in Fig. 1 .
We also show in Fig. 2 the results for the same data sets having followed a slightly different approach by using CosmoMC. We can see that the two results are completely consistent. This result gives a check for the consistence of (either of) the code.
The table I shows the constraints to the parameters up to 95% of C.L. Notice that for the parameterφ 0 we could only give an upper bound (at 1-sigma). This is also shown in the triangular plot Fig. 3 . For the GP theory, the bestfit value gives χ 2 = 2773, whereas ΛCDM gives χ 2 = 2794.64. That is, there is a remarkable betterment in the fitting of the GP theory in comparison with that of ΛCDM with |∆χ 2 | ∼ 22. We also give the triangular plots of the parameters in Fig. 3 . Figure 1 . Combining all the data together, the GP model is able to make H0 measurements compatible at 2-sigma with the MCMC results.
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B. Planck, JLA, HST and BAO
We also check the cosmological constraints for the GP theory combining Planck, JLA, HST and BAO. The table II shows that constraints to the parameters and a comparison with the ΛCDM values for H 0 and Ω m . We have found that the value of s on using all the data is reduced. It is interesting to notice that the value of the H 0 has changed with in the 95% C.L. in comparison with ΛCDM. However, within the GP theory, Planck data and local measurement of H 0 agree within 2 sigma (by this we mean that the 2σ regions for Proca and the H 0 measurements overlap), as shown in Fig. 4 . Therefore, GP is able to reduce the tension in the data we have considered. This behaviour sounds really promising and it should be checked against future data.
The parameterφ 0 as in the previous case has a large degeneracy, and we can only give an upper bound (at 1-sigma) to it. For this theory we get a χ 2 = 3472, which is again lower than that of ΛCDM, which is χ 2 = 3479, resulting in difference of |∆χ 2 | = 7. For this data set also we find that there is a preference of the GP theory over ΛCDM. We show the triangular plot for the parameters in Fig. 5 . 
V. CONCLUSION
In this work we analyze extensively the viability of the generalized Proca theory up to cubic order in the Lagrangian from the cosmological observation. This study is particularly interesting in the context of the present day H 0 tension that is getting stronger. On considering Planck data and H 0 measurements alone, within this theory we do not see any tension between CMB data and the local measurement of the current expansion rate of the universe. In fact, we find a mean value for H 0 which exactly matches the value measured by H0LiCOW, namely H 0 =73.34 +2.46 −2.69 at 95% C.L. However, using BAO, HST, Planck and JLA together we see that the best fit for H 0 tends to be reduced, but still H 0 measurements are inside the 2 sigma contours. This indicates that the GP theory is able to reduce the tension below 2 sigma.
For this theory there are three more parameters s, p 2 ,φ 0 in comparison with standard ΛCDM cosmological model. Out of which only s affects the background dynamics. In particular, the parameter s defines how much the theory deviates from ΛCDM (which is obtained for the background in the limit s → 0). In other words in the limit s → 0 at the background level the theory becomes ΛCDM.
From the Planck + HST the parameter s is constrained to be s = 0.334 +0.358 −0.211 at 95% C.L. and on adding JLA and BAO we get s = 0.172 +0.026 −0.029 at 95% C.L.. The value of s is in agreement with the previous study of the same theory with the CMB shift parameter [20] . However, our results are not only updated to the latest Planck and H 0 results, but the methodology is quite different. In [20] , Planck data were considered only through the constraints on the CMB-shift parameters. Instead in this study of ours, we have used the whole Planck data at once. Therefore, we can say we have confirmed the behaviour but such a step was a non-trivial one to show. In fact, other cases are known where the results from these two different methodologies do not agree with each other (see e.g. [28] ). The situation is also similar for the parameter p 2 at the 95% C.L. for Planck+HST is p 2 = 0.8344 +0.4390 −0.6459 and with other data sets p 2 = 0.226 +0.099 −0.087 . While the parameterφ 0 does not converge at the 95% C.L. there is large degeneracy for both cases. This is clearly shown in the Fig. 3 . Another remarkable point that has to be emphasized is that for the both MCMC run that is Planck+HST and Planck+HST+BAO+JLA the GP theory shows better fits in comparison with ΛCDM. The difference in χ 2 is |∆χ 2 | = 22 and |∆χ 2 | = 7 respectively for Planck+HST and Planck+HST+BAO+JLA. This kind of behaviour is seen in other modified theories of gravity, for example [29] (also see [30, 31] ). Nonetheless, we are able to show that Planck data and H 0 measurements agree with each other at 2-sigma within the GP theory. In future further exploring the reason behind the preference of models other than ΛCDM will be of particular interest.
This study once again shows that the generalized proca theory up to the cubic order terms in the Lagrangian (as to have a speed of propagation for the gravitational wave c T ≡ 1) reduces the tension of H 0 below 2-sigma in present data sets. This is mostly due to the particular background dynamics of Ω DE . This solution can be thought of as post recombination approach to the H 0 tension with modified gravity. 
